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Abstract

Spreading, splashing and solidification of yttria stabilized zirconia (YSZ) droplet after inclined impact are simulated by smoothed
particle hydrodynamics. The artificial heat model has been improved and a simple solidification model is included. It is found that
the droplet splashes when the impact angle is less than 44� with the Reynolds number of 3535. Otherwise the droplet will deposit.
The result is in good agreement with the theoretical prediction. The temperature distribution and solidification interface movement dur-
ing the droplet impacting on an inclined surface are presented. The flattening ratio is found to increase with the impact angle.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Thermal spray is a continuous, direct melt-spray process
in which particles of virtually any material are melted and
accelerated to high velocities. The molten or semi-molten
droplets impact on a substrate and rapidly solidify to form
thin ‘‘splats”. The performance of the coating is intimately
related to the shape of the splats and how they bond
together and to the substrate. A droplet impacts the solid
substrate surface, deforms and spreads to a so-called ‘pan-
cake’ or ‘exploded’ shape. The final morphology of the
splat depends on the droplet diameter, temperature, veloc-
ity, and melting status [1,2].

Experimental studies have focused on the impact of
molten droplets on a smooth or rough substrate. Escure
et al. [3] investigate the impact of liquid alumina droplets
on different substrates. The Sommerfeld parameter was
used to describe the impact behavior, such as rebound,
0017-9310/$ - see front matter � 2007 Elsevier Ltd. All rights reserved.

doi:10.1016/j.ijheatmasstransfer.2007.11.009

* Corresponding author.
E-mail address: Lili.Zheng@sunysb.edu (L.L. Zheng).
deposition, and splashing. Šikalo et al. [4] studied the drop-
lets impacting on a substrate with low impact angles and
low normal Weber numbers. The effects of impact angle
and viscosity on droplet impact behavior were provided.
Kang and Ng [5] quantified the spreading behavior of indi-
vidual splats at different substrate inclinations using the
spread factor and aspect ratio. The fitted quadratic equa-
tions for spreading behavior were obtained. Xu et al. [6]
used the high-speed photography to study the corona
splashing due to the impact of a liquid drop on a smooth
dry substrate. It was discovered that decreasing surround-
ing gas pressure inhibits splashing. The threshold pressure
is a function of the impact velocity, molecular weight of the
gas, and the liquid viscosity. It was concluded that the com-
pressibility of the gas is responsible for splashing.

Numerical simulations were performed to investigate
the important and complex phenomena during droplet
impact in thermal spray coating. Zhang [7] proposed a the-
oretical model based on the volume of fluid (VOF) for
droplet spreading and solidification considering surface
tension, solidification and thermal contact resistance. The
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Nomenclature

cp specific heat, J/kg K
d droplet diameter, m
D the effective diameter of the splat, m
f force, N
h smoothing length, m
H artificial heat, J/kg s
I unit tensor
k thermal conductivity, W/m K
K Sommerfeld number
L latent heat, J/kg
m particle mass, kg
p pressure, Pa
Re Reynolds number (=qVd/l)
t time, s
T temperature, K
u internal energy, J/kg
~v particle velocity vector, m/s
V velocity scale, m/s
W smoothing function, m�3

We Weber number (=qV2d/r)
x particle position, m

Greek symbols

e constant related to the interaction between SPH
particles

h impact angle
l viscosity coefficient, kg/m s
n flattening ratio
q particle density, kg/m3

r surface tension, J/m2

rr characteristic distance, m
u Lennard-Jones potential, J
$ gradient operator

Subscripts

i j particle index
m melting
l liquid
p particle or droplet
s solid
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splat-flattening ratio was described as a function of Rey-
nolds, Weber, Prandtl and Jakob numbers. Zhang et al.
[8] investigated the splat morphology and substrate melting
and re-solidification numerically and experimentally and
found that the droplet size, velocity, temperature, and sub-
strate material and temperature all play the significant roles
in splat morphology and rate of solidification. Zhang et al.
[9] developed a splat formation model based on the classic
nucleation theory, which considered heterogeneous nucle-
ation kinetic and crystal growth. The model can predict
the nucleation temperature and grain size distribution.
Based on the scaling analysis, the nucleation delay and
solidification times have been derived. Zhang and Zheng
[10,11] developed a numerical model based on the level
set method to study the droplet deformation and solidifica-
tion in two and three dimensions. They simulated that the
solidification interface movement and splat morphology
for a molten droplet impacting on an inclined surface.
Bussmann et al. [12] developed a three-dimensional model
based on the VOF-based RIPPLE code where the surface
tension force was simulated as a volume force and the mea-
sured contact angle was provided as the boundary condi-
tion for simulations. The oblique impact of a 2 mm water
droplet at 1 m/s onto a 45� incline and the impact of a
droplet onto a sharp edge were simulated. Numerical
results were compared with the experimental pictures.
Bussmann et al. [13] investigated the fingering and splash-
ing of a droplet impacting on a solid surface. Simulation
results for molten tin, water, and heptane droplets agreed
with the experiments. Pasandideh-Fard et al. [14] extended
the three-dimensional model developed by Bussmann et al.
[12]. The enthalpy method was used to solve the solidifica-
tion problem. The deposition of tin droplets on a stainless
steel surface was investigated using both experiments and
numerical simulations. Simulation results agreed well with
the experimental pictures. Mostaghimi et al. [2] proved that
the flattening ratio is related to the Reynolds number and,
to a less degree, the Weber number, and splashing is
resulted from the perturbation of solidification. However,
the effect of solidification on droplet spreading can be
neglected when the ratio of the Stefan number to the Pra-
ndtl number is much smaller than unity. Zhang et al. [15]
applied the smoothed particle hydrodynamics (SPH) model
to study the droplet impacting problem for the first time.
Effects of substrate roughness and solidification on splat
morphology were investigated. Oxide redistribution and
droplet pinch-off were studied in two and three dimensions.
Multiple droplets impacting on a flat substrate was also
simulated. In their model, the surface tension force was
not included and the heat transfer equation was not solved.

Extended from the previous work of Zhang et al. [15],
this paper will present an improved SPH model by solving
the energy equation using an improved artificial heat
model. A simple solidification model is also included to
simulate the movement of the solidification interface. The
new model is used to study the effect of impact angle on
droplet splashing under the traditional plasma spray condi-
tions, e.g., high speed and small size of the droplet. The
temperature distribution and solidification interface move-
ment are presented. In the following, the numerical model
will be presented first, followed by simulation results and
discussions.



Table 1
YSZ properties used in the modeling

Material YSZ

ks, W/m K 2.0
kl, W/m K 2.32
cp,s, J/kg K 580
cp,l, J/kg K 713
qs, kg/m3 5890
ql, kg/m3 5890
Tm, K 2950
L, J/kg 7.07 � 105

l, kg/m s 0.008

3412 M.Y. Zhang et al. / International Journal of Heat and Mass Transfer 51 (2008) 3410–3419
2. Numerical model

Smoothed particle hydrodynamics (SPH) is a meshless
Lagrangian method for fluid dynamics simulation. As a
particle method, SPH uses a set of particles to represent
fluid flow. All the physical and mathematical properties
of the fluid are assigned to the SPH particles. Mathemati-
cally, the particles are only the interpolation points. The
properties of the fluid are calculated on these points.

The mass density qi of the particle at the position~xi can
be evaluated by using the summation density:

qið~xÞ ¼
XN

j¼1

mjW ij; ð1Þ

where W ij ¼ W ð~xij; hÞ is the smoothing function, and
~xij ¼~xi �~xj, mi denotes the mass of particle i, h represents
the smoothing length and~xi is the position of particle i. By
integrating Eq. (1), we obtain the total mass of the system
which is equal to the summation of all the particles. The
summation density has the property of mass conservation.

Applying the SPH particle approximation to the
Lagrangian form of the Navier-Stokes equations, a sym-
metric form is obtained to preserve variational consistency.
The momentum equation can be written as follows

D~vi

Dt
¼ �

XN

j¼1

mj
pi

q2
i
þ

pj

q2
j

 !
riW ij

þ
XN

j¼1

mj
si

q2
i
þ sj

q2
j

 !
� riW ij þ~f : ð2Þ

The RHS of Eq. (2) consists of the pressure, viscous
force and surface tension force. The particle approximation
for the viscous stress tensor s is

si ¼ �
XN

j¼1

mj

qj
li~vijriW ij �

XN

j¼1

mj

qj
liðriW ijÞ~vij

þ 2

3

XN

j¼1

mj

qj
li~vij � riW ij

 !
I : ð3Þ

Surface tension force plays a significant role in the drop-
let impact. The Lennard-Jones potential has been widely
used to simulate the surface tension force, since the Len-
nard-Jones force is repulsive at the short distance and
attractive at the long distance. The Lennard-Jones poten-
tial takes the form of the empirical function as follows [16]

uðrÞ ¼ 4e
rr

r

� �12

� rr

r

� �6
� �

; ð4Þ

where rr is a characteristic distance between the SPH par-
ticles and e is a constant related to the interaction between
SPH particles. Usually the characteristic distance rr takes
the value of the initial inter-particle distance. According
to the SPH particle approximation, the Lennard-Jones
force takes the SPH form as follows
~f i ¼ �rui ¼ �
XN

j¼1

mj

qj
uj � rW ij: ð5Þ

Fulk [17] proposed an artificial heat model to describe
the heat conduction problem. The artificial heat model
has the following form

Hi ¼ 2
XN

j¼1

�qij

�qij

ui � uj

jxijj2 þ u2
~xij � riW ij; ð6Þ

where

qi ¼ aPhiqicijr �~vij þ bPh2
i qijr �~vij2; ð7Þ

~qij ¼ qi þ qj; ð8Þ
�qij ¼ qi þ qj: ð9Þ

The artificial heat model is based on the difference of the
internal energy. However, heat conduction/convection is
related to the temperature difference. Usually the artificial
heat model can handle the heat conduction/convection
problem since there is a linear relationship between the
internal energy and the temperature. However, for the
problem with phase transform, the model based on the
internal energy cannot describe the heat transfer correctly.
Therefore, we modify the artificial heat model as follows

H 0i ¼ 2
XN

j¼1

�cpij
�qij

�qij

T i � T j

jxijj2 þ u2
~xij � riW ij; ð10Þ

�cpij
¼ ðcpi

þ cpj
Þ=2; ð11Þ

where cp is the specific heat of the particle. The modified
model is based on the temperature difference and we will
use this model to study the solidification problem.

Based on the modified artificial heat model, the energy
equation can be rewritten as

Dui

Dt
¼ 1

2

XN

j¼1

mj
pi

q2
i
þ

pj

q2
j

 !
~vij � riW ij

� 1

2

XN

j¼1

mj
si

q2
i
þ sj

q2
j

 !
:~vijriW ij þ H 0i: ð12Þ

In order to simulate the fluid flow with solidification, a
simple solidification model is proposed here. According
to the internal energy calculated by the above energy
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equation, the temperature can be obtained from the linear
relationship between the temperature and the internal
energy. The latent heat was taken into consideration. The
status of the SPH particle can be specified by the following
rule
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> cpT m þ L liquid;
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< cpT m solid:

8><
>: ð13Þ

where Tm is the melting temperature and L is the latent
heat. Eq. (12) together with Eqs. (1) and (2) can be used
to solve the flow and temperature fields, and solidification
of the molten droplets impacting on an inclined surface.
Noted that the solidification model proposal here is similar
to the enthalpy method used in the meshed methods.
3. Results and discussion

To study the impact behavior of YSZ droplet onto the
inclined substrate, numerical simulations have been per-
formed using different impact angles. The YSZ properties
used in simulations are listed in Table 1. Fig. 1 shows the
schematic of droplet impacting on a cold substrate with
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an impact angle h. The initial diameter of the YSZ droplet
is 60 lm, the impact velocity of the droplet is 80 m/s, and
the impact angles are 0�, 10�, 15�, 30�, 40�, 45�, 60�, and
75�. Since the droplet size is very small, surface tension
has a great influence on the splat formation. The Len-
nard-Jones force is used to model the surface tension.
The SPH particles of equal mass have the uniform initial
inter-particle distance of 1.5 lm or 3 lm, in 2D or 3D,
respectively. The smoothing length is the same as the
inter-particle distance. For the impact velocity of 80 m/s,
the Reynolds number can be estimated as 3535. The initial
temperature of the droplet is assumed to be 3000 K uni-
formly. The substrate temperature is set to be 500 K. Ther-
mal contact resistance is not considered here. The time step
in the simulations is 1 ns. The total number of particles
used to represent a droplet in 2D or 3D is 1212 or 4224,
respectively. The computer Dell Precision PWS690 with
Xeon 3.20 GHz CPU is used in our simulations. The run-
ning time of 1000 time steps in 2D or 3D is about 300 s
or 1200 s, respectively.

3.1. Droplet splashing

Depending on droplet parameter and substrate condi-
tion, the molten droplet will rebound, deposit, or splash.
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Table 2
Splashing behavior at Re = 3535 and impact angles of 0�, 10�, 15�, 30�, 40�, 4

Impact angle 0� 10� 15� 30�
Impact behavior Splash Splash Splash Splash
The ejection of tiny droplets in the impact direction is so-
called impact splashing. This type of splashing is the result
of the Rayleigh-Taylor instability when a molten droplet
spreads into a less dense one [18]. Another type of splash-
ing is called the flattening splashing. The flattening splash-
ing occurs when solidification starts during the flattening
process. The Sommerfeld number K is used to describe
the splashing behavior, which is defined as

K ¼ We1=2Re1=4; ð14Þ
where We and Re are the Weber and Reynolds numbers,
respectively, defined with the normal velocity component
of the droplet as follows:

We ¼ qdV 2 cos2 h
r

; ð15Þ

Re ¼ qdV cos h
l

: ð16Þ
According to the experiments [3,19–21], at least for a
water or a ethanol droplet, K is the criterion that can be
used to judge the splashing behavior. The criterion is
described below
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K

< 3 rebound;

between deposition;

> 58 splashing:

8><
>: ð17Þ

In regards to the above criterion, the droplet splashing
occurs when the impact angle

h < arccosð25:75r2=5l1=5q�3=5d�3=5V �1Þ: ð18Þ

Eq. (18) predicts the critical impact angle of 44� for the
YSZ droplet impacting at 80 m/s. This value has been
proved by SPH simulations. Fig. 2 shows the predictions
of YSZ droplet impacting on the substrate at the impact
angles of 0�, 10�, 15�, 30�, and 40�, showing that all drop-
lets splash. When droplets impact on the substrate at larger
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Fig. 6. 3D Droplet spreads on a cold substrate for Re = 3535 and impact angle
white color is the solidification interface, the dark color is solid, and the light
angle, e.g. 45�, 60�, and 75�, droplets deposit on the sub-
strate as shown in Fig. 3. The splashing behavior has been
summarized in Table 2. The simulation results agree well
with the analytical prediction. The droplet splashing occurs
when the impact angle is less than the critical impact angle
of 44�. The droplet deposits when the impact angle is great-
er than 44�.

3.2. Splat formation at impact angle 45�

Fig. 4 shows that 2D YSZ droplet impacts onto a cold
substrate for Re = 3535 and impact angle of 45� with initial
temperature of 3000 K. The simulation results revealed
that once YSZ droplet reaches the cold substrate, the
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of 45� with initial temperature of 3000 K. The dark gray color is liquid, the
gray color line is substrate.
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droplet begins to deform and spread. At the same time, the
solidification interface moves upwards and the droplet
begins to solidify. At 1 ls, the liquid part of the splat
deforms substantially. Initially, the solidification interface
moves upwards quickly and captures many particles. After
spreading is completed, the solidification interface moves
slowly. This is due to the decrease of temperature gradient.
At 10 ls, the droplet spreads substantially. At 300 ls, the
Y
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Fig. 7. The shape of the splat at t = 300 ls in the
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droplet solidifies completely. There are voids entrapped
into the splat.

Fig. 5 shows that the temperature distribution for 2D
droplet impacting on a cold substrate at Re = 3535 and
impact angle of 45� with initial temperature of 3000 K.
As soon as the droplet with uniform initial temperature
touches the cold substrate, the droplet temperature begins
to decrease. At t = 300 ls, the temperature is higher at
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the left top surface of the splat and the temperature is lower
at the right top surface. The main reason is that the thick-
ness of the splat is larger at the left end and the surface tem-
perature needs more time to reduce. Since the thickness of
the splat is lower at the right end, the surface temperature
drops down faster.

Fig. 6 shows that 3D YSZ droplet impacts onto a cold
substrate for Re = 3535 and impact angle of 45� with initial
temperature of 3000 K. The results at 0, 1, 10, 100, 200,
and 300 ls are provided. The initial temperature is close
to the melting temperature. As soon as the droplet touches
the cold substrate, the droplet begins to deform and solid-
ify almost at the same time. The droplet deposits on the
cold substrate. After the fast spreading of the droplet is
completed, the droplet needs much time to complete solid-
ification. The spherical droplet deforms to form a splat
with the shape of a cylindrical disk.

Fig. 7 shows the shape of the splat at t = 300ls in the X–
Y plane, X–X0, and Y–Y0 cross sections. The shape of the
splat in the X–X0 cross section is not symmetric, because
the impact velocity is not perpendicular to the substrate,
while the shape of the splat in the Y–Y0 cross section is
almost symmetric. Fig. 8 shows that the temperature distri-
bution at the cross section y = 0 for 3D droplet impacting
on a cold substrate with Re = 3535, impact angle of 45�
and initial temperature of 3000 K. As soon as the droplet
impacts on the cold substrate, the droplet begins to cool
down. Also there exists void formation during flattening.
Dimensions
1 2 3 4

1

Fig. 10. The flattening ratio at the impact angle of 45� in 2D and 3D.
3.3. Flattening ratio

The spreading behavior is characterized by the splat-
flattening ratio n, which is defined as the ratio of the effec-
tive diameter of the splat to the droplet diameter

n ¼ D=dp; ð19Þ
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Fig. 9. The flattening ratio at the impact angles of 45�, 60�, and 75�.
where D is the effective diameter of the splat and dp is the
impacting droplet diameter. According to the theory [1,22],
the flattening ratio can be expressed as a function of the
particle Reynolds number as below [1]

n ¼ CRea; ð20Þ

where C takes the value of 1.2941 for a disk-shaped splat
and the value of a can be either 0.2 or 0.125 or 0.167. Since
the normal Reynolds number decreases with the impact an-
gle, it will result in the decrease of the flattening ratio.
However, the simulation results in Fig. 9 revealed that
the spreading velocity increases with the impact angle; it
helps the droplet spread when the impact angle is large.
This is consistent with the theory by Zhang [7] where the
role of the solidification is considered during flattening. It
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Fig. 11. The flattening ratio at different impact velocities during perpen-
dicular impact.
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is also found that the solidification effect exceeds the
impacting kinetics. This confirms that it is necessary to
consider the solidification effect when accounting for
spreading. The flattening ratio at the impact angle of 45�
in 2D and 3D are shown in Fig. 10. Due to surface tension,
it is easier for a 2D cylinder to spread than for a 3D sphere.
The aspect ratio of the splat is 1.39, which is defined as the
ratio of major to minor diameter [5]. Fig. 11 shows the re-
sult from the above equation with a = 0.125 and the
numerical result at different impact velocities during per-
pendicular impact. The numerical result agrees well with
the theory.
4. Conclusion

The SPH method has been applied to simulate the
impact of YSZ droplet onto an inclined substrate where a
small size of the droplet is used and surface tension is
important. The surface tension is simulated based on the
Lennard-Jones potential. Droplet impacting on an inclined
substrate with different impact angles is investigated. When
the impact angle is less than 44�, the droplet splashing
occurs. It agrees well that the Sommerfeld number K > 58
induced splashing. The artificial heat model is improved
and the temperature distribution is presented for a 3D
droplet impacting on an inclined surface with the impact
angle of 45�. Temperature drops down quickly at the thin
end and slowly at the thick end. The flattening ratio is pro-
portional to the impact angle, which is different from the
theoretical prediction by the traditional theory of Madej-
ski. Numerical simulations also prove that the meshless
method, SPH, can be used to study droplet spreading,
splashing and solidification very efficiently.

In the plasma spray experiments, substrate conditions
are much more complicated. The splashing is commonly
related to surface absorbates and wetting behavior chang-
ing with substrate temperature [23]. In the current simula-
tions, we assumed that the substrate conditions are
constant and do not change with time. Furthermore, equi-
librium solidification is considered in the model instead of
rapid solidification in the plasma spray experiments. Fur-
thermore the gas phase is not included in the modeling.
The conclusions are therefore limited to the assumptions
used in the paper. However, the model developed in this
paper is capable of including more complicated physics
and dealing with splashing. In this paper, we have demon-
strated the capability of the SPH method to solve droplet
splashing, splashing and solidification problems which are
difficult to handle by other meshed methods.
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